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Abstract 

Let be C a family of curves in the unit disc. We show that the set of all 
functions / holomorphic on the unit disc, which satisfy the following con- 
dition, is Gs and dense in the space of all functions holomorphic on the 
unit disc. 

For each compact set K with connected complement, each function g con- 
tinuous on K and holomorphic on its interior, every point Co on the unit 
circle, every curve C € C (ending in ^o) and any e > there exist numbers 
< a < 1 and b & C such that 

max \ f(az + b) — g(z)\ < e and 16 — Col < e 
AMS classification: 32E30 



1 Introduction 

The unit disc will be denoted hj ID) = {z : \z\ <!}. The family of compact 
subsets of C with connected complement we will denote be Ai. For any compact 
set C C we will write A{K) for the class of all functions continuous on K and 
holomorphic in its interior. The space of all functions holomorphic on D endowed 
with the usual topology of uniform convergence on compact subsets of D will be 
denoted by H{]D)). 

In 1976 Luh[l^ proved the existence of a T-universal function $ on the unit disc. 
T-universality means that translation in the function's $ argument forces the 
function $ to approximate any function g G A{K) for K ^ A4. More precisely, 
there exist sequences < a„ — and C D such that for any ( G d3, any 

-ft" G and any g G A{K) there exists a strictly increasing sequence of natural 
numbers {nk}k 

ttni^z + fewfe ^ C {k ^ oo) for all z E K 
max |$(a„^z + 6„J - 5f(2;)| ^ {k ^ oo). 
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A similar result has already been proven by Seidel and Walsh [7] in 1941. For 
further results the reader is referred to and jl]. 

A question arising in this context is whether the points {bn}n above can be chosen 
to lie on any curve C belonging to a prescribed family of curves C. TenthoffjO] 
already gave a positive answer on this question by constructing a function / 
satisfying the above conditions such that the 6„ can be chosen on any radius 
{z = re*"^; < r < l},ip E [0, 2n) of the unit disc. We will proof this result for 
general families of curves 

2 T-universal Functions With Prescribed Ap- 
proximation Curves on the Unit Disc 

2.1 Continuous Families of Curves 

First we define the notion of a general family of curves. Right after we will restrict 
our considerations to those families of curves, which we will call continuous ones. 

Definition 2.1 Let be /, J C M intervals and : / — > C a continuous function 
for each a & J which satisfies the following conditions 

lim Za(t) = und lim Za(t) = oo. 

t^inf(/) t^sup(/) 

Then we will call the family of functions {za)a£j together with the intervals / 
and J a general family of curves (from zero to infinity). Our short notation will 
be {za;I,J}- 

Definition 2.2 Let be /, J C M intervals and Za '■ I — > C a continuous function 
for each a E J which satisfies the following conditions 

(1) lim zJt) = zqEB and lim zJt) E OB, 

(2) for each ( E 83 there exists an a G J such that lim Za{t) = (. 

t— >sup(7) 

where ^ is fixed and the same for each a E J. Then we will call the family 
of functions {za)a(^j together with the intervals I and J a general family of curves 
(in the unit disc Also here our short notation is {za] I, J}- 

Definition 2.3 Let be / C M an interval and x,y : I — > C two continuous 
bounded functions. We set Cx = x{I) und Cy = y{I) and define the r-distance 
between Cx and Cy as the number 

r-dist(Ca;, Cj,) = max|x(t) — y{t)\. 
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Definition 2.4 A general family of curves C — {za] /, J} from zero to infinity is 
to be called continuous, if there will exist a finite or countable subset J <Z J such 
that for all 5 > 0, a e J and j G N there exists an a e J satisfying the following 
condition: 

r-dist {zo,{I) n {z : \z\ < j) , z^il) n {z : \z\ < j}) < 5. 

Next we give a very simple sufficient criterium for a family of curves to be con- 
tinuous. 

Theorem 2.5 Let be C = {za, I , J} a family of curves from zero to infinity such 
that the mapping {(3,t) ^ Zfjit) is continuous on J x I. Then C is a continuous 
family of curves. 

Proof: 

We denote by D the points of dJ belonging to J and define J — {J OQ) U D. 
Then J is countable. 

Let be given 6 > 0,a E J,j eN. Without loss of generality we may assume that 
S<1. 

For any number M e N we define depending on I the following interval 

r (inf(J),inf(/) + ^) , ifinf(/) E (-oo, oo), inf(/) E 
Im = < (-00, -M) , if inf(/) = -oo 

[ [inf (/), inf (/) + ^) , if inf (/) = min(/) 

By the requirement of the theorem we can choose an M e N such that 

su-p{\zfj{t)\]t E /m, <!}<-. 

We will fix this M. Furthermore we set 

ta = sup{t E I : |2;/3(t)| < 2j for all /3 such that \I3 — a\ < 1}. 

Since Za{I) is a curve from zero to infinity we have ta E (inf(7), sup(/)). With 
this number we set = [sup(Jm), ^a]- 

Without loss of generality we can assume a ^ dJ (otherwise we would have 
a E D G J and were finished). Thus there exists an r/ E (0,1) such that 
[a — r],a + T]] G J. 

Now (/5, t) ^ zpit) is continuous and hence uniformly continuous on the compact 
set [a — r],a-\-ri\x la- Thus there exists an £ E (0, 1), which satisfies the condition 

2(5 

\zp{s) - z^{t)\ < — 

for all (3 , J E [a — T], a + Tj], s,t E la with \P — j\ < s and |s — i| < £ 
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Particularly we have 

26 

\za(t) — Zf3{t)\ < — for all /? G (a — e, a + e),t G la- 

Now we choose an a G [a — e,a + e). Then a & J and we have 

2S 

max \Za(t) — Za(t)\ < — < S 

tele 3 
and by the definition of M 

S S 

max \za(t) — Za(t)\ < max + max baft)! < — \ — = S. 

t€iM tehi t&iM 2 2 

Furthermore by definition of /„ and Im the following holds 

/ = {{z : \z\ < j}) U z^^ {{z : \z\ < j}) C hi U /„. 
By the estimations above we obtain 

max \za{t) — Za{t)\ < 5 

and this means 

r-dist(za(/) n {z : \z\ < j} , Zail) H {z : \z\ < j}) < 6, 
what proves the theorem. 

For the sake of transparency and concreteness we give some examples of con- 
tinuous families of curves on the unit disc: 

(1) The family of all radn {za{t) = te*"; t G [0, l)}ae[o,27r)- 

(2) Logarithmic spirals {za{t) = e^^~^^°'^^ ; t G {—oo, oo)}am, restricted to the 
unit disc. 

(3) Only one spiral (condition (2) in definition 12.21 can be weakened): 

z{t) = (l-e-*)e^*,t >0. 

2.2 Main Result 

First, let be C = {za', I, J} a fixed continuous family of curves in the unit disc. 
Now we are going to define a class of functions we will prove to be nonempty and 
moreover a dense G^-set in the space if(D). 
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The set of all functions / G i/(D) such that for every K E A4, every function 
g G A{K), each e > 0, each (q G 9D and any curve C G C (ending in (q) there 
exist numbers < a < 1 and b E C such that 

max |/(az + 6) — < £, \b — Co\ < e 

will be called the class of T-universal functions with respect to the family of curves 
C in ©. It is denoted by Wc(D). 

Note that the definition above already implies aK + b C ©, otherwise the function 
/ would not be defined on aK + b. 

Theorem 2.6 The set Uc{^) of T-universal functions on the unit disc with pre- 
scribed approximation curves is Gs and dense in H{]D)). 

2.2.1 Proof of Theorem ETBl 

We will fix some sequences and sets for abbreviation purposes. 

(1) For each m G N we denote Lm = {z : \z\ < m}. 

(2) Let be {pj}j an enumeration of all polynomials with coefficients in Q + iQ. 

(3) The sequence {(p}p is chosen to be dense on the unit circle dlD). 

(4) For each p G N we choose with respect to those curves ending in (p a 
sequence of curves {Cpi}i according to definition 12.41 I.e. for each curve 
C E C ending in (p we find an index I G N such that Cpi lies arbitrarily near 
to C in terms of the r-distance. 

(5) For p, / G N we choose a sequence of points {bnip}n being dense on Cpi. 

(6) The sequence {ak}k is a sequence of positive numbers dense in (0, 1). 

With this notions we will prove three technical lemmas. For an intermediate step 
we need an auxiliary class. For this we fix an h E N. The set of all functions 
/ G if(D) such that for every K G A4{C), every function g G A{K), each e > 0, 
each ^0 £ 93 and any curve C G C (ending in (q) there exist numbers < a < 1 
and b e Ui{C) = {z e C : dist(z, C) < j-} such that 

h ^ 

ma.x\f{az-\-b)—g{z)\<e, \b — (o\ < e 
will be denoted by U^^\b). 
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For m, j, p, s,t,l,k,n E N we set 

Ocim,j,p,s,t,l,k,n) ^ {g e -f/"(D) : max \g{akZ + bnip) - Pjiz)\ < -; 

bnlp G Cip, \bnlp — Cp\ < y I 

Note that this set depends on C, although it does not appear itself in the above 
definition. But the Cpi are chosen in C. 

Our first lemma states that the class has a representation with intersections 

and unions of the sets Oc{m,j,p, s, t, I, k, n). 

Lemma 2.7 The following equations hold 

oo oo oo 

Ucm^f]4'\B)^ fl y Oc(m,j,p,s,t,l,k,n). 

h=l m,j,p,s,t,l=l k,n=l 

Proof: 

The first equation is obvious due to the definition of the considered classes. 
Let be / an element of the right hand side an let be given K G Ai,g G ^{K), 
£ > 0, Co G and a curve C G C ending in Co- We fix an /i G N. 
Then there is an m G N such that K C L^- Furthermore we find s, i G N such 
that 7 < |; J < |- Then by Mergelyan's theorem we choose a j G N satisfying 

m^\pj{z) - g{z)\ < -. 

Since the sequence {Cp}s is dense in there is a p G N with |Cp — Col < f • 
The family of curves C is continuous, so we can find an / G N to this p satisfying 

r-dist(C, Cpi) < i. 

Due to the definition of Ocifn, j,p, s, t, I, k, n) and the representation of the right 
hand side there exist numbers n, A; G N with the following properties 

max \f{akZ + hnip) - Pj{z)\ < - and b^ip G Cpi, \bnip - Cp\ < 7. 

Hence we obtain 

max \f{akZ + bnip) - giz)\ < 

1 e 

max 1/(0^2; + bnip) - Pj{z) \ + max \pj{z) - g{z)\ <- + -<£ 
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Since r-dist(C, Cpi) < and bnip G Cpi it is also true that bnip € Ui{C) and hence 

/ e Ui!"\l])). Since /i G N was arbitrary we conclude / G Wc(ID)). 
Now let be / a function lying in Uc (ID)) and let be given 

m, j. p, s,t,l e N. By definition of Uc(B) there exist < a < 1 and b G Cpi 
satisfying 

1 1 
max\f{az + b) -pj{z)\ < — und |&-Cpl<^- 

If we set d — dist{aLm + b, (9D) > and 

= 1^ G C : dist(a^ + b,dB) > ^,az + b eB 

then aLm + b will be a compact subset of D with aL^ + 6 D aL^ + 6. Since 
/ is uniformly continuous on this compact set, there exists a 5 > such that 
1/(2:1) - f{z2)\ < ^ for all Zi,Z2 G aim + b, \zi - < S. 
Then we find numbers k,n E N with \ak ~ o-l < 2^ and \bnip — b\ < min {f , 
Thus for all z G we have \akZ + bnip ~ ("^-s + ^)| < ^ and hence we obtain 

me^x\f{akZ + bnip) - Pj{z)\ < 

Lm 

m£ix\f{akZ + bnip) - f{az + b) \ +mixx\f{az + b) - Pj{z)\ < ^ + ^ = - 

Finally we have \l)niy — C,p\< \bniy — + — Cp| < ^ + 17 = \ and hence / lies in 
the right hand side of the stated equation. This proves the lemma. 



The next lemma states, taken together with the preceding one, that Z^c(D) is 
indeed a G5 set in i?(D) 

Lemma 2.8 For all m,j,p, s, t,l, k,n & N the set Oc{m,j,p, s, t, I, k, n) is open 
in HCB). 

Proof: 

Fix m, s, t,l,k,n & N and / G Oc{m,j,p, s, t, I, k, n). We set 
5 = - -max\f{akZ + bnip) - Pj{z)\ > 

and define 

Us{f) ^ \ HiJ}) : max \g{akZ + bnip) - f{akZ + bnip)\ <S \ . 
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Then we obtain for all g e Us{f): 

max \g{akZ + h^ip) - Pj{z)\ < 

max \g{akZ + h^ip) - f{akZ + bnip) \ + max 1/(0^2; + bnip) - Pj{z)\ < 

J-'m J-'m 

- - max \f{akZ + hnip) -pj{z)\+ max | / (a^^ + hnip) -pj{z)\ = - 

S S 

Thus the open ^-neighborhood Us{f) of / is contained in Oc{ 
and the statement follows. 



Lemma 2.9 For all m,j,p, s,t,l eN the set 

00 

U Oe{m,j,p,s,t,l,k,n) 

k,n=l 

is dense in the space if(D). 
Proof: 

Fix numbers m,j,p, s,t,l eN and let be given / e -ff(D), a compact set i^T C D 
and an £ > 0. 

First we find a compact set K C B c'B with connected complement in D. Since 

i? is a compact subset of D we can choose a 5 > such that 

{z : \z — (p\ < 6} n B = 0. Since Cpi is a curve ending on the unit circle and 

{ak}k is dense in the interval (0, 1) we can choose numbers k,n E N such that 

\bnip — Cp\ < mill { 1} *-* '^'s ^ 2m' definition the point bnip lies in Cpi 

anyway. 

Thus we have for all z e L^: 

S S 

\akZ + bnip - Cp\ < (^k\z\ + \bnip - Cp\ < —m + 2 = ^ 

and hence 

ttkLm + bnip (Z {z -.{z - Cp\ < 5} G B". 

Due to Runge's theorem on polynomial approximation there exists a polynomial 
p with 

max|p(z) - f{z)\ < e 

1 



max \p{akZ + bnip) - Pj{z)\ < 



s 



Thus p lies "near to" / and we have p G Oc{m, j,p, s,t,l, k,n), what completes 
the proof. 
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Now theorem 12 .61 is a consequence of the preceding three lemmas. Indeed, lemma 
O and ESI state that Uc(D) is a Gs set in H(p). Together with lemma Owe 
obtain that Uc{^) has an representation as a countable intersection of dense sets. 
Recalling that if(D) is a complete metric space and applying Baire's category 
theorem we obtain that Uc{^) is dense in if(ro). This proves theorem \'2M 

2.2.2 An additional property of T-universal functions with prescribed 
approximation curves 

Remark 2.10 Every function f G H{]D)) can be expressed as the sum of two 
T-universal functions with prescribed approximation curves. 

The following short proof is due to J.-P. Kahane jH]. 
Let be given a function / G H{3). The mapping 

Tf{g) : HiB) ^ H{]D)), Tjig) =g + f (g E 

is a homeomorphism. 

Since the set Wc(D) is Gs and dense in -^(113), the same holds for 

T;(Wc(»))=Wc(D) + /. 

Due to Baire's category theorem we have 

Wc(D)n(Wc(©) + /) ^0. 

Thus there exist g,h E Wc(D) with f = g — h. Since —h G Uc{B) the result 
follows. 
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